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Hyperbolic Fibrations of PG.3; q/
R. D. BAKER, J. M. DOVER, G. L. EBERT† AND K. L. WANTZ
A hyperbolic fibration is set of q−1 hyperbolic quadrics and two lines which together partition the
points of PG.3; q/. The classical example of a hyperbolic fibration comes from a pencil of quadrics;
however, several other families are known. In this paper we construct a new family of hyperbolic
fibrations for odd prime powers q.
As an application of hyperbolic fibrations, we note that they can be used to construct 2q−1 (not nec-
essarily inequivalent) spreads of PG.3; q/ by choosing one ruling family from each of the hyperbolic
quadrics in the fibration. For our new fibration we discuss some properties of the spreads obtained in
the above manner.
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1. INTRODUCTION
Let GF.q/ denote the finite field of order q, and let GF.q/ denote the nonzero elements
of this field. Throughout the paper, PG.n; q/ will denote n-dimensional projective space over
GF.q/. In recent years, many authors have studied different ways of partitioningPG.n; q/ into
various surfaces. For instance, PG.4mC1; q/may be partitioned into q2mC1C1qC1 Segre varietiesS1;2m , while PG.4m C 3; q/ may be partitioned into a certain number of Segre varieties
S1;2mC1 together with a certain number of .2m C 1/-dimensional subspaces (see [13]). In
addition several authors (see [9] and [16], for instance) have investigated the possibility of
partitioning projective spaces into caps (i.e., point sets with no three points collinear). These
caps are often the intersection of various Hermitian or quadratic surfaces (see [6]). One
of these cap partitions turned out to be very useful in the classification of two-dimensional
flag-transitive planes (see [2]).
In the present paper, we discuss partitioning PG.3; q/ into q − 1 (mutually disjoint) hyper-
bolic quadrics and two (skew) lines. Such a partition of the points of PG.3; q/ will be called
a hyperbolic fibration. As usual, we model PG.3; q/ as a four-dimensional vector space
over GF.q/ using homogeneous coordinates. The classical example of a hyperbolic fibration
comes from a standard pencil of quadrics. For a quaternary quadratic form F over GF.q/,
let V .F/ denote the set of zeros of F in PG.3; q/. When F and G are two such forms,
with V .F/ 6D V .G/, the set fV .F C tG/ V t 2 GF.q/ [ f1gg is a pencil of quadrics. A
pencil consisting of two lines and q − 1 hyperbolic quadrics of PG.3; q/, whose members
are necessarily mutually disjoint, is a hyperbolic fibration which we call a hyperbolic pencil
or H-pencil for short. To explicitly construct such a pencil, let f be an irreducible, binary
quadratic form. Then the set of hyperbolic quadrics:
fV . f .x0; x1/C t f .x2; x3//jt 2 GF.q/g
together with the two lines V . f .x0; x1// and V . f .x2; x3// is easily seen to be a hyperbolic
pencil (see [4]). The existence of hyperbolic fibrations which are not pencils has been demon-
strated for odd prime powers q in [11] and for odd powers of 2 in [7].
In the next section, we discuss the known hyperbolic fibrations for q odd. We then consider
a pencil of quadrics which partitions the points of PG.3; q/ but is not a hyperbolic pencil.
†Author to whom all correspondence should be addressed.
0195-6698/99/010001 + 16 $30.00/0 c© 1999 Academic Press
2 R. D. Baker et al.
By suitably replacing half of the quadrics in this pencil, we are able to obtain a hyperbolic
fibration for any odd prime power q. We show that this fibration is new (at least for q > 7),
and then in later sections discuss the spreads of PG.3; q/ (and associated translation planes)
obtained by choosing one ruling family of lines for each hyperbolic quadric in the fibration.
Several interesting cyclotomic questions are addressed along the way.
2. SOME FAMILIES OF HYPERBOLIC FIBRATIONS
For the remainder of this paper q will be an odd prime power. Suppose ‘0 and ‘1 are a
pair of skew lines in PG.3; q/. If fe0; e1g is a basis for ‘0 and fe2; e3g is a basis for ‘1, then
fe0; e1; e2; e3g is a basis forPG.3; q/. We let .x0; x1; x2; x3/ denote homogeneous coordinates
for PG.3; q/with respect to this ordered basis. Note that ‘0 D V .dx22 C ex2x3C f x23/ for any
d; e; f such that e2−4d f is a nonsquare in GF.q/. Similarly, ‘1 D V .ax20Cbx0x1Ccx21/ for
any a; b; c such that b2−4ac is a nonsquare in GF.q/. Let Q be any quadric which has ‘0 and
‘1 as conjugate lines with respect to its associated polarity. Using the basis fe0; e1; e2; e3g as
above, Q will have the form V (ax20 C bx0x1 C cx21 C dx22 C ex2x3 C f x23 for some choice
of a; b; c; d; e; f in GF.q/. Consequently, we abbreviate such a variety by
V Ta; b; c; d; e; f U D V

ax20 C bx0x1 C cx21 C dx22 C ex2x3 C f x23

:
In all known hyperbolic fibrations, the two lines are conjugate with respect to each of the
hyperbolic quadrics. Thus the lines and quadrics may be represented by such six-tuples. In
fact, one can typically fix either the first three or last three coordinates of the six-tuple. The
following result, which the reader may easily verify (see [13]), illustrates the appeal of this
coordinatization.
PROPOSITION 2.1. Let V Ta; b; c; d; e; f U and V Ta0; b0; c0; d; e; f U be as above such that
e2 − 4d f is a nonsquare in GF.q/.
(1) V Ta; b; c; d; e; f U is a hyperbolic quadric or an elliptic quadric as b2 − 4ac is a non-
square or nonzero square in GF.q/, respectively.
(2) V Ta; b; c; d; e; f U and V Ta0; b0; c0; d; e; f U are disjoint if and only if .b− b0/2 − 4.a −
a0/.c − c0/ is a nonsquare in GF.q/.
It is convenient for us now to fix the triple Td; e; f U as T1; 1; U, where 2 GF.q/ such that
and 1−4 are nonsquares. LetJ D fV T1; 1; ; 0; 0; 0Ug[fV Tt; t; t; 1; 1; U V t 2 G F.q/g.
As can easily be seen by Proposition 2.1, J is a hyperbolic fibration. Moreover, it is clearly a
pencil of quadrics and hence an H-pencil as previously defined.
There is another (projectively inequivalent) family of hyperbolic fibrations for odd q which
has been known for at least a decade, although not explicitly described in this language. These
fibrations exist as a byproduct of the fact that spreads obtained from a .qC1/-nest, as discussed
in [11], may be partitioned into two lines and q − 1 (mutually disjoint) reguli. Using a lemma
about the arithmetic of the finite field GF.q2/, we will be able to describe this family without
establishing the connection to .q C 1/-nests. To that end let  be a primitive element of
GF.q2/, and let  D  12 .q−1/.
PROPOSITION 2.2. The set C D fz V zqC1 D −1g of .q C 1/-st roots of −1 in GF.q2/ is
the union C1 [C2 of two equicardinal subsets with the property that the difference of any two
distinct elements of C is a nonsquare or square in GF.q2/ accordingly as the two elements
come from the same or different subsets.
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PROOF. Using the above notation, the q C 1 elements of C are precisely f2nC1 V n D
0; 1; 2; : : : ; qg. We thus define C1 D fi V i  1 .mod 4/g and C2 D f j V j  3 .mod 4/g.
Clearly C1 and C2 partition the elements of C , and both subsets have cardinality 12 .q C 1/.
Moreover, using the fact that q D −−1, one easily shows that if 4sC1 and 4tC1 are two
distinct elements of C1, then .4sC1 − 4tC1/qC1 D .2.s−t/ − 2.t−s//2 and hence .4sC1 −
4tC1/ 12 .q2−1/ D −1. That is, the difference of any two distinct elements from C1 is a nonsquare
in GF.q2/. One similarly shows the same result for C2. However, if 4sC1 is an element of
C1 and 4tC3 is an element of C2, then .4sC1 − 4tC3/qC1 D .2.s−t/−1 − 2.t−s/C1/2 and
thus .4sC1−4tC3/ 12 .q2−1/ D 1 . Hence the difference of an element from C1 and an element
from C2 is a nonzero square in GF.q2/, proving the result. 2
Next let  D  12 .qC1/. Then, q D − and 2 D !, where ! is a primitive element of the
subfield GF.q/. Using f1; g as an ordered basis for GF.q2/ as a vector space over GF.q/,
the element z D z0C z1 of GF.q2/, where z0 and z1 are in GF.q/, satisfies the condition that
zqC1 D z20−z21!. To define the second family of known hyperbolic fibrations alluded to above,
we need a few more constants. Let r be a square root of !1−4 in GF.q/ and let t0 be such that
t20 .1−4/−1 is a nonsquare in GF.q/ (in fact t0 D 0; 1 will suffice according to whether−1
is a nonsquare or square in GF.q/). Letting J be the H-pencil previously defined, we now let
J0 be the subset of J consisting of ‘0, ‘1 and hyperbolic quadrics V Tt; t; t; 1; 1; Uwhere t
is a nonzero element of GF.q/ so that .t − t0/2.1− 4/− 1 is a nonsquare in GF.q/. Simple
cyclotomy (for instance, see [8]) shows thatJ0 has 12 .qC1/ quadrics, including the degenerate
ones (the lines) for any odd q, and hence we need 12 .q C 1/ more hyperbolic quadrics to form
a fibration. We do this by using one of the subsets, say C1, from the previous proposition.
Namely, for any z in C1 define
Hz D Hz0Cz1 D V Ta; b; c; 1; 1; U
where
.a; b; c/ D t0.1; 1; /C z0.0; 1; 12 /C z1.r; r; 12r.1− 2//:
Note that t0; r , and  are fixed constants and thus the quadric Hz depends only upon the
element z from C1.
THEOREM 2.3. Using the above notation, H D J0 [ fHz V z 2 C1g is a hyperbolic
fibration.
PROOF. Clearly, H consists of q C 1 quadrics, two of which form a skew pair of lines.
Moreover, we already know that the nondegenerate quadrics in J0 are mutually disjoint hy-
perbolic quadrics that are also disjoint from each of ‘0 and ‘1. Now take any quadric Hz from
H, where z 2 C1. Expressing Hz D V Ta; b; c; 1; 1; U as above, direct computations show
that
b2 − 4ac D t20 .1− 4/− !z21 C z20 D t20 .1− 4/C zqC1 D t20 .1− 4/− 1;
which is a nonsquare in GF.q/ by the choice of t0. This implies via Proposition 2.1 that Hz
is a hyperbolic quadric which is disjoint from both ‘0 and ‘1. If Hz0 is another quadric from
H, where z0 2 C1 with z0 6D z, then more straightforward computations show that
.b − b0/2 − 4.a − a0/.c − c0/ D .z0 − z00/2 − !.z1 − z01/2
is a nonsquare in GF.q/ since z − z0 is a nonsquare in GF.q2/ by definition of C1. Similar
computations show that if V Tt; t; t; 1; 1; U is any hyperbolic quadric from J0, then
.b − t/2 − 4.a − t/.c − t/ D .t0 − t/2.1− 4/− 1;
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which is a nonsquare in GF.q/ by definition of J0. The latter two computations show that the
quadrics inH are indeed mutually disjoint, and henceH is a hyperbolic fibration. 2
It should be remarked that one could replace C1 by C2 and obtain another (projectively
equivalent) hyperbolic fibration. It should also be noted that the hyperbolic fibration H in
Theorem 2.3 contains a ‘linear’ subset of 12 .q−3/hyperbolic quadrics, where a set of hyperbolic
quadrics is defined to be linear if it is contained in an H-pencil.
The last known family (to the authors, at least) of hyperbolic fibrations arises as a byproduct
of the construction of j-planes (see [15]). Once again the spreads associated with these two-
dimensional translation planes can be partitioned into two lines and q − 1 reguli, yielding a
hyperbolic fibration as with the .q C 1/-nests. These fibrations will not be discussed in detail
here.
We now describe a new family of hyperbolic fibrations. In [4], Bruen and Hirschfeld give a
classification of nonsingular pencils of quadrics with reducible base. Our construction arises
from their class 3(d)(iii) of pencils which consist of one line, 12 .q−1/ hyperbolic quadrics, and1
2 .q C 1/ elliptic quadrics which partition the points of PG.3; q/. Specifically, we will show
that the elliptic quadrics from this pencil can be replaced by 12 .q − 1/ hyperbolic quadrics and
a line to form a hyperbolic fibration. It will turn out that this new fibration will not contain
any linear subsets of hyperbolic quadrics of cardinality greater than two.
Using Proposition 2.1, one may easily verify the result in [4] that a pencil of type 3(d)(iii)
is given by
P D fV T1; 1; ; 0; 0; 0Ug [ fV Tt; t C 1; t; 1; 1; U V t 2 GF.q/g;
where, once again,  2 GF.q/ is chosen such that both  and 1 − 4 are nonsquares. The
line of the pencil is V T1; 1; ; 0; 0; 0U, while the hyperbolic quadrics in the pencil are exactly
the sets V Tt; t C 1; t; 1; 1; U, with .t C 1/2 − 4t2 a nonsquare in GF.q/. Let P0 be the
subset of P consisting of these 12 .q − 1/ hyperbolic quadrics and the line V T1; 1; ; 0; 0; 0U.
Our goal is to find a set of 12 .q − 1/ hyperbolic quadrics and one line which are pairwise
disjoint and disjoint from all elements of P0. Use of the software package Magma [5] in
examining specific examples for small values of q has lead to the following definition:
B D fb 2 GF.q/j.1− 4/b2 C 8b is a square in GF.q/g: (1)
Note that the expression .1− 4/b2 C 8b may be zero.
PROPOSITION 2.4. Let q be an odd prime power, and let B be defined as in Eqn. (1). Then
jBj D 12 .q − 1/C 2, and exactly two elements of B have .1− 4/b2 C 8b D 0.
PROOF. The proof of this proposition depends on the value of q modulo 8; however, the
computations are similar in all cases, so we will only do the case when q  1 .mod 8/. Suppose
b 2 B. Then, either .1 − 4/b2 C 8b is a nonzero square or it is zero. Suppose first this
expression is zero. There are exactly two values which satisfy this equation, namely b D 0
and b D −81−4 . Now suppose .1 − 4/b2 C 8b is a nonzero square. Then both b and
.1− 4/b C 8 are nonzero squares or they are both nonsquares.
Suppose first both are squares. We wish to count the number of elements b which satisfy
.1− 4/b C 8 and b are nonzero squares. (2)
Since q  1 .mod 8/, 2 is a square in GF.q/ which implies 8 is a nonsquare. So the number
of solutions of condition (2) equals the number of solutions of 1−48 bC1 is a nonsquare with b
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a square. Since 1−48 is a square, as b varies over all squares, the expression y D 1−48 b varies
over all squares. Therefore, the number of solutions to condition (2) equals the number of
solutions of y C 1 is a nonsquare with y a square. From the work of Dickson [8], this number
is 14 .q − 1/.
Similarly, if we assume both b and .1 − 4/b C 8 are nonsquares, essentially the same
analysis yields 14 .q − 1/ solutions for this case as well. So there are 12 .q − 1/ elements of B
with .1− 4/b2C 8b a nonzero square. Adding the two elements with this expression equal
to zero yields the desired result in this case. 2
Now for each b 2 B, consider the equation:
4z2 − 2bz C b.b − 2/ D 0: (3)
The discriminant of this equation is exactly 4T.1− 4/b2C 8bU. First, let b be an element of
B with .1− 4/b2 C 8b a nonzero square. Then Eqn. (3) has exactly two solutions, which
we call c1 and c2. However, if b 2 B has .1− 4/b2 C 8b equal to zero, this equation has a
double root c.
With these conventions, we can define the following set of quadrics:
Q D

V

c

; b; c; 1; 1; 

j.1− 4/b2 C 8b D 0

[

V

c1

; b; c2; 1; 1; 

j.1− 4/b2 C 8b 6D 0 and b 2 B

[

V

c2

; b; c1; 1; 1; 

j.1− 4/b2 C 8b 6D 0 and b 2 B

:
By Proposition 2.4, we see thatQ contains q C 1 quadrics. Using Proposition 2.1, we quickly
see that a quadric in Q is hyperbolic if and only if 2b is a nonsquare. An argument similar to
the proof of Proposition 2.4 shows that exactly 12 .q − 1/ of the quadrics in Q are hyperbolic.
In fact, Q also contains one line, namely V T0; 0; 0; 1; 1; U, and 12 .q C 1/ elliptic quadrics.
So Q contains the same mix of quadrics as does P . However, Q is not a pencil and the
quadrics in Q are not pairwise disjoint. We wish to show that the set Q0 consisting of the
hyperbolic quadrics in Q together with the line V T0; 0; 0; 1; 1; U of Q will pair with the set
P0 to form a hyperbolic fibration. To this end, define F D P0 [ Q0. We know F contains
the correct number of lines and hyperbolic quadrics to be a hyperbolic fibration, therefore it
remains to be shown that the elements of F are pairwise disjoint. We first note that the lines
V T1; 1; ; 0; 0; 0U and V T0; 0; 0; 1; 1; U are each disjoint from all other elements of F . Also,
the construction of Hirschfeld and Bruen [4] ensures that the hyperbolic quadrics in P0 are
disjoint. Therefore, we need only concern ourselves with the hyperbolic quadrics inQ0.
LEMMA 2.5. Every hyperbolic quadric inQ0 is disjoint from every hyperbolic quadric in
P0.
PROOF. Let H1 D V Tt; tC1; t; 1; 1; U, with .tC1/2−4t2 a nonsquare, be an arbitrary
hyperbolic quadric inP0, and let H2 D V T c1 ; b; c2; 1; 1; Uwith 2b a nonsquare be an arbitrary
hyperbolic quadric in Q0. By Proposition 2.1, these quadrics are disjoint if and only if the
expression
.b − .t C 1//2 − 4

c1

− t

.c2 − t/
is a nonsquare. Expanding and collecting like terms yields:
.t C 1/2 − 4t2 C b2 − 2b.t C 1/C 4.c1 C c2/t − 4c1c2

:
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Since c1 and c2 are the two roots (possibly equal) of Eqn. (3), we know c1 C c2 D b2 and
c1c2 D 14b.b−2/. Substituting and cancelling, we see that the discriminant is .tC1/2−4t2,
which is a nonsquare. 2
LEMMA 2.6. The hyperbolic quadrics in Q0 are pairwise disjoint.
PROOF. Let P D .x0; x1; x2; x3/ be an arbitrary point of PG.3; q/ which lies on some
quadric inQ0. To simplify the computations below, we define the polynomial f via f .x; y/ D
x2C xyCy2. Now there exists b 2 B (from Eqn. (1)) such that P is contained in the quadric
V T c1

; b; c2; 1; 1; U, where c1 and c2 are the two roots (possibly equal) of Eqn. (3). Then, we
have the equation:
c1

x20 C bx0x1 C c2x21 D − f .x2; x3/
As we have seen above, c1 C c2 D b2 , so we can substitute for c2 in the above expression to
obtain
c1

x20 C bx0x1 C

b
2
− c1

x21 D − f .x2; x3/:
We now use this equation to solve for c1 in terms of b to obtain
c1 D − f .x2; x3/C
b
2 t
s
where s D x20 − x21 and t D 2x0x1 C x21 . Note that s cannot be zero; if so, both x0 and x1
would have to be zero, which would force P to be a point of the line V T1; 1; ; 0; 0; 0U. This
cannot happen since the elements of Q0 are disjoint from this line.
Knowing that c1 is a root of Eqn. (3), we substitute the above expression into Eqn. (3) to
obtain
f .s; t/b2 − 2.s2 − s f .x2; x3/− 2 f .x2; x3/t/b C 4 f .x2; x3/2 D 0: (4)
Conversely, once b is determined, the root c1 is defined uniquely as above, and then c2 is
determined from c1 and b. Suppose that P lies on two distinct quadrics in Q0. Then Eqn. (4)
has two distinct solutions, b1 and b2 with both 2b1 and 2b2 nonsquares as previously discussed.
This implies that b1b2 is a nonzero square.
However, from Eqn. (4) we know that the product of the roots b1 and b2 is 4 f .x2;x3/
2
f .s;t/ . Since
f .s; t/ D f .x0; x1/2, this contradicts the fact that  is a nonsquare. Thus the quadrics in Q0
are mutually disjoint. 2
Combining these two lemmas, we have:
THEOREM 2.7. F is a hyperbolic fibration.
To show that the hyperbolic fibrationF is distinct from the previously considered examples,
it suffices to show that F contains no linear sets of more than two quadrics. We begin with a
simple lemma regarding the form of the quadrics in a linear subset of F .
LEMMA 2.8. Let Q1 D V Ta1; b1; c1; 1; 1; U and Q2 D V Ta2; b2; c2; 1; 1; U be distinct
hyperbolic quadrics in F . Then, these two quadrics form a linear set if and only if there exists
some k 2 GF.q/ n f0; 1g such that Ta2; b2; c2U D kTa1; b1; c1U.
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PROOF. Two hyperbolic quadrics form a linear set if and only if the pencil of quadrics
they determine is a hyperbolic pencil. It is easy to see that if such a k exists, then the pencil
determined by our two quadrics is hyperbolic. Conversely, suppose that our two quadrics
generate a hyperbolic pencil. We first note that the form of our quadrics ensures that the lines
V T1; 1; ; 0; 0; 0U and V T0; 0; 0; 1; 1; U are conjugate with respect to the polarity associated
with each of Q1 and Q2. Further, in a hyperbolic pencil, the two lines in the pencil are
conjugate with respect to any polarity associated with a hyperbolic quadric in the pencil.
From the forms of Q1 and Q2, subtraction yields that the quadric ‘ D V Ta1 − a2; b1 −
b2; c1 − c2; 0; 0; 0U is in the pencil generated by our two quadrics. By Proposition 2.1, we
know that .b1 − b2/2 − 4.a1 − a2/.c1 − c2/ is a nonsquare, since Q1 and Q2 are disjoint
hyperbolic quadrics. Therefore, the quadric ‘ is the line V T1; 1; ; 0; 0; 0U. Since Q1 and Q2
generate a hyperbolic pencil, the conjugate line to ‘with respect to the polarity associated with
Q1 must also be in the pencil. However, we know that this conjugate line is V T0; 0; 0; 1; 1; U.
Thus, there must exist some k0 2 GF.q/ such that Ta1 C k0a2; b1 C k0b2; c1 C k0c2U D
T0; 0; 0U. Note that k0 6D 0;−1 by our conditions on Q1 and Q2. Therefore, there exists
k D −k0 2 GF.q/ n f0; 1g such that Ta1; b1; c1U D kTa2; b2; c2U. 2
Using this lemma, we can now completely determine the only possible nontrivial linear set
of quadrics in F .
THEOREM 2.9. SupposeN is a linear set of two or more quadrics ofF . Then q  3 .mod 4/
and N is unique, having cardinality two.
PROOF. We first note that N can contain at most one quadric from P0, as the quadrics in
P0 lie in a pencil which is not a hyperbolic pencil, and thus any pair of them generate this
nonhyperbolic pencil.
Next we show that no two quadrics fromQ0 lie inN . Suppose Q D V T c1 ; b; c2; 1; 1; U is
a quadric inQ0\N , and suppose there exists a quadric R distinct from Q inQ0\N . Then, by
Lemma 2.8 we know there exists k 2 GF.q/ n f0; 1g such that R D V T kc1

; kb; kc2; 1; 1; U.
Since Q is a quadric in Q0, we know that c1 is a root of Eqn. (3), i.e., 4.c1/2 − 2bc1 C
b.b − 2/ D 0. Similarly, since R is a quadric in Q0, a similar computation shows that
4.kc1/2 − 2.kb/.kc1/C kb.kb − 2/ D 0. One can easily compute that this equation forces
2bk2 − 2bk D 0, which implies k D 0 or k D 1. This is a contradiction, as these were the
two specifically excluded values for k. Therefore, no such additional quadric can exist, and
we have that N contains at most one quadric from Q0.
Therefore, any nontrivial linear subsetN must consist of a quadric Q fromP0 and a quadric
R from Q0. Observe that each hyperbolic quadric Q D V Tt; t C 1; t; 1; 1; U has  as
the ratio of the coefficients of x21 and x
2
0 in its form. By Lemma 2.8, we know there must
exist k 2 GF.q/ n f0; 1g such that R D V Tkt; k.t C 1/; kt; 1; 1; U, which clearly has this
same ratio  for those coefficients. Hence we must have that R D V T c

; b; c; 1; 1; U is the
special quadric of Q0 with .1 − 4/b2 C 8b equal to zero. This forces b D −81−4 , and
hence the fact that 2b must be a nonsquare forces −1 to be a nonsquare. This establishes that
q  3 .mod 4/. Moreover, Q and R are uniquely determined as above (the reader may check
that c D b4 ; t D −11−4 and k D 2). 2
The following result establishes that the hyperbolic fibrationF is distinct from the previously
considered fibrations J andH for sufficiently large q. We will soon see that F is also distinct
from the fibrations arising from j-planes.
COROLLARY 2.10. Let J , H, and F be the hyperbolic fibrations described above. For
q > 7, these hyperbolic fibrations are distinct.
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PROOF. The hyperbolic fibrationH associated with a .q C 1/-nest spread contains a linear
subset of 12 .q−3/ quadrics. A hyperbolic pencil J is a linear set of q−1 quadrics. The result
now follows from Theorem 2.9. 2
3. SPREADS FROM HYPERBOLIC FIBRATIONS
Let S be a spread of PG.3; q/. We say S admits a regular elliptic cover if there exists a
set of q − 1 pairwise disjoint reguli contained in S and hence S can be partitioned into these
reguli and the two remaining lines of the spread. It is well known that the Andre´ spreads
admit a regular elliptic cover, and it has been shown that any spread obtained by replacing a
.q C 1/-nest admits at least two such covers (see [11]). As mentioned previously, the spreads
associated with j-planes also admit regular elliptic covers (see [15]).
Since the lines of any regulus cover the points of a hyperbolic quadric inPG.3; q/, a regular
elliptic cover of any spread naturally induces a hyperbolic fibration. Conversely, any hyperbolic
fibration gives rise to 2q−1 spreads, each admitting a regular elliptic cover, by choosing one
of the two ruling families of lines for each hyperbolic quadric in the fibration. We say that
the fibration spawns these 2q−1 spreads. As thoroughly discussed in [12], a hyberbolic pencil
spawns two regular spreads and 2q−1 − 2 Andre´ spreads (including the Hall spreads). A set
of mutually disjoint reguli in a regular spread is called linear if the corresponding hyperbolics
form a linear set as previously defined; that is, if they lie in a hyperbolic pencil. Since every
regular elliptic cover of a regular spread consists of a complete linear set of q − 1 reguli and
two lines (see [17] for the q odd case), the only hyperbolic fibration that can be induced by a
regular elliptic cover of a regular spread is an H-pencil (unique up to projective equivalence).
The same result seems intuitively obvious for Andre´ spreads, but is surprisingly hard to prove
(see the following proposition).
In this section we discuss various properties of the spreads known to admit regular elliptic
covers. We also discuss hyperbolic fibrations that might be induced from such spreads, possibly
by different regular elliptic covers as yet undiscovered. Moreover, certain families of spreads
are shown not to admit regular elliptic covers. Throughout the section a hyperbolic quadric is
often identified with the set of 2.q C 1/ lines it contains. Thus, if Q is a hyperbolic quadric
and S is a spread, the symbol Q \ S will denote the set of lines common to Q and S.
PROPOSITION 3.1. Let A be an Andre´ spread in PG.3; q/ for any prime power q > 3,
and let J be a hyperbolic fibration induced from any regular elliptic cover of A. Then, J is a
hyperbolic pencil and therefore equivalent to J .
PROOF. Suppose first that A is an Andre´ spread which is not a Hall spread. Then there
exists a regular spread  such that A can be obtained from  by reversing the reguli in a
linear set of reguli in . Since A is not a Hall spread, this linear set contains at least two
reguli and thus extends uniquely to a complete linear set L of reguli in . Thus there exists a
hyperbolic pencil H such that each regulus in L is a ruling family of some hyperbolic quadric
in H . Define 0 to be the regular spread obtained from  by reversing every regulus in L .
Finally, let A1 D A \ and A2 D A \0, and note that A D A1 [A2 and A1 \A2 is the
set containing the two carriers of the linear set L .
We note first that every regulus which is contained in A must be contained in either A1 or
A2, if q  5. Indeed, let R be a regulus contained in A. Then jRj  6, which implies either
A1 or A2 contains at least three lines of R. Thus either  or 0 contains at least three lines
of R, which implies R is either contained in  or 0. So we can conclude R is contained in
either A1 or A2.
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For the remainder of this proof we refer to any ruling family of lines from one of the
quadrics of the hyperbolic pencil H defined in the first paragraph as an H -regulus. All other
reguli will be called non-H -reguli. We now claim that if q  5, then either every non-H -
regulus in A contains both carriers of H or else one of fA1;A2g contains no reguli other
than H -reguli. Clearly, every quadric in H has exactly one of its ruling families in either
A1 or A2. Since there are q − 1 quadrics in H , the pigeonhole principle implies that one of
fA1;A2g contains at most 12 .q − 1/ H -reguli. Without loss of generality, let A1 satisfy this
property.
Suppose first that A1 contains fewer than 12 .q − 1/ H -reguli, and by way of contradiction
suppose there exists a regulus R in A1 distinct from these reguli. Then R shares at most two
lines with each of the H -reguli inA1, although R may contain the carriers of H . Therefore, R
contains fewer than 2C 2

q−1
2

D q C 1 lines, which is a contradiction, and so A1 contains
no non-H -reguli and the claim is proven in this case.
Suppose now that A1 contains exactly 12 .q − 1/ H -reguli. Then A2 contains the same
number of H -reguli, and the above computation shows that any non-H -regulus in either A1
or A2 must contain the carriers of H , thus proving the above claim.
Let J be any hyperbolic fibration induced by some regular elliptic cover fR1; : : : ; Rq−1g
of A. Since every regulus in A is contained in either A1 or A2, we can assume the reguli
R1; : : : ; Rk are contained inA1, while the remainder are contained in A2. Elementary count-
ing now implies that k is the number of H -reguli contained in A1, which we assumed above
was at most 12 .q − 1/.
Suppose first that one of the Ri for i 2 f1; : : : ; kg is a non-H -regulus. The above work
implies that k D 12 .q − 1/ and Ri contains the carriers of H . Then no regulus R j forj 2 fk C 1; : : : ; q − 1g can be a non-H -regulus since that would force R j to contain the
carriers of H , thereby contradicting the fact that Ri and R j are disjoint. Switching the roles of
A1 andA2 if necessary, we may now assume thatA1 contains at most 12 .q − 1/ H -reguli, and
contains no other reguli. In particular, this forces all of the reguli R1; : : : ; Rk to be H -reguli.
From Bruck [3], there exists an involutory collineation  of PG.3; q/ which maps 0 onto
 by reversing every regulus in L and leaving the carriers of H invariant. By the construction
of A, we know A1 [A2 is the spread  and that A1 \A2 is the pair of carriers of H . It
is thus clear that the reguli

R1; : : : ; Rk; RkC1; : : : ; Rq−1
}
form a flock of the spread ,
which must be a linear set L 0 of reguli in .
Since A is not a Hall spread, we know k > 1. Hence, the reguli R1 and R2 are two reguli
in the linear set L 0. Since these two reguli are contained in A1, we know they are H -reguli,
and so the quadrics they determine generate the hyperbolic pencil H . But this implies that
each regulus R1; : : : ; Rk; RkC1; : : : ; Rq−1 is an H -regulus, which implies that each of the
reguli RkC1; : : : ; Rq−1 is an H -regulus as well. This forces J D H and completes the proof
for Andre´ spreads which are not Hall spreads, when q  5.
Since the only nondesarguesian Andre´ spread for q D 4 is the Hall spread, it suffices to
consider the case when A is a Hall spread with q  4. Then there exists a regular spread 
and a regulus R contained in  such that A D . n R/ [ R0, where R0 is the opposite regulus
to R. Since any regulus has q C 1  5 lines, any regulus of A that is not contained in  must
be R0. Thus any regular elliptic cover ofAmust contain the regulus R0 and q − 2 reguli of.
These q − 2 reguli, together with R must then form a flock of , which must be linear. Thus
the hyperbolic quadrics associated with our regular elliptic cover form a linear set of quadrics,
and the hyperbolic fibration induced by this cover is a hyperbolic pencil. 2
Having examined a regular elliptic cover of an Andre´ spread, it is natural to ask if there are
any other subregular spreads which admit regular elliptic covers. The answer is given by
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PROPOSITION 3.2. LetB be a subregular spread inPG.3; q/ for any prime power q which
is not an Andre´ spread. Then, B cannot admit a regular elliptic cover.
PROOF. Let B be a subregular spread which is not Andre´. Then from Orr [17], we know
that there exists a regular spread S and a nonlinear set of reguli contained in S such that B can
be obtained from S by reversing all of the reguli in that set.
By way of contradiction, suppose B admits a regular elliptic cover E D fR1; : : : ; Rq−1g.
Again from Orr [17], we know that every regulus contained in B must be either a regulus in S
or the opposite of such a regulus. By reordering, let R1; : : : ; Rk be the reguli of E contained in
S, and let RkC1; : : : ; Rq−1 be the reguli of E whose opposites are contained in S. If we denote
by R0i the opposite regulus to Ri , then we have that the family fR1; : : : ; Rk; R0kC1; : : : ; R0q−1g
is a flock of the regular spread S. So as above, we know that this flock must be linear. This
is a contradiction, because it implies that B can be obtained from S by reversing a linear set
of reguli, namely fR0kC1; : : : ; R0q−1g. This would force B to be Andre´. Thus B cannot admit a
regular elliptic cover. 2
We now turn our attention to the analysis of the spreads which arise from .q C 1/-nests.
These spreads are carefully described in [10] and [11].
PROPOSITION 3.3. Let S be a spread obtained from a regular spread  by replacing a
.q C 1/-nest with ‘opposite half-reguli’.
(1) S admits two regular elliptic covers which share a linear set of 12 .q − 3/ reguli, these
reguli being contained in .
(2) Let H D f‘0; ‘1; H1; : : : ; Hq−1g be the hyperbolic fibration induced from one of the
known regular elliptic covers of S, where K D fH1; : : : ; H 1
2 .q−3/g is the linear set
above. Then, Hi \ D ; for all i 2 f 12 .q − 3/C 1; : : : ; q − 1g.
PROOF. Corollary 7 of [11] establishes the first part of the result. To prove the second part,
we note that as shown in [10], each Hi \S for i 2 f 12 .q − 3/C 1; : : : ; q − 1g is an orbit under
a cyclic group of order q C 1, say with generator A, of some line ‘ in the opposite regulus to
a regulus R0 of the regular spread . So it is clear that the regulus T D Hi \ S contains no
lines of. Now let m denote any line in the opposite regulus to T . If m were a line of, then
m would simultaneously lie in the distinct reguli R0, R1, R2; : : : ; Rq , where Ri is the image
of R0 under Ai . But this contradicts the fact that R0; R1; R2; : : : ; Rq is a .q C 1/-nest by the
choice of R0 and the construction of the nest. Hence, Hi \ D ;. 2
The spread S above is only one of the 2q−1 spreads spawned from H. If S 0 denotes any
of these spreads, it is conceivable that for any regular elliptic cover of such a spread S 0 the
induced fibration H0 must contain K. The following proposition shows that H0 can omit at
most two of the quadrics of K.
PROPOSITION 3.4. Let S,H andK be as in Proposition 3.3. let S 0 be any spread spawned
fromH.
(1) If L DSi2f1::: 12 .q−3/g Hi viewed as a line set, then the only reguli of S 0 containing more
than q − 3 lines of L are the reguli H1 \ S 0; : : : ; H 1
2 .q−3/ \ S
0
.
(2) Suppose H0 is a hyperbolic fibration induced by some (possibly new) regular elliptic
cover of S 0. Then H0 omits at most two of the hyperbolic quadrics in K if q > 13.
In other words, H0 must contain a linear subset of K of at least 12 .q − 7/ hyperbolic
quadrics.
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PROOF. Let R be a regulus of S 0 which is not one of H1 \ S 0; : : : ; H 1
2 .q−3/ \ S
0
. Since
R meets each quadric Hi , 1  i  12 .q − 3/, in at most two lines, the number of lines of R
which can lie in L is at most q − 3. This proves the first part of the result.
To prove the second part, letH0 D f‘; ‘0; J1; : : : ; Jq−1g be some hyperbolic fibration induced
by a regular elliptic cover of S 0. We first claim that for every i 2 f1; : : : ; q − 1g, the regulus
Ji \ S 0 is either entirely contained in L or contains at most four lines of L.
Recall from Proposition 3.3 that Hi \  is a regulus for Hi 2 K; indeed,  is f‘0; ‘1g
together with exactly one ruling family (regulus) for each hyperbolic quadric of the H-pencil
generated by K. Another regular spread 0 is f‘0; ‘1g together with the opposite reguli of
those from the H-pencil used in . For each Hi 2 K, S 0 contains exactly one of the opposite
reguli Hi \ or Hi \0.
Let R be a regulus in S 0, and suppose R contains at least three lines of L \. Since R is a
regulus which contains three lines of , R must be a regulus of . By Proposition 3.3, lines
of  \ S 0 can only be contained in L [ f‘0; ‘1g. Therefore, R must contain at least q − 1
lines of L. But by Part 1, this forces R to be one of the reguli H1 \ S 0; : : : ; H 1
2 .q−3/ \ S
0
.
A similar argument shows that no regulus of S 0 can contain more than two lines of L \ 0
without being one of the reguli H1 \ S 0; : : : ; H 1
2 .q−3/ \ S
0
. Therefore, every regulus of S 0 is
either fully contained in L or contains at most four lines of L.
Let  be the number of reguli of the form Ji \ S 0 which are fully contained in L. We
note that this equals the number of hyperbolic quadrics Ji such that Ji D Hk for some
k 2 f1; : : : ; 12 .q − 3/g. Since every line of L \ S 0 must be covered by some element of the
hyperbolic fibrationH0, we have the following inequality:
2C .q C 1/C 4.q − 1− /  q − 3
2
.q C 1/
The left-hand side is an upper estimate for the number of lines of L \ S 0 covered by the
elements of H0, where the summands (from left to right) represent the number of lines of
L \ S 0 potentially covered by the lines f‘; ‘0g, the  reguli contained in L, and the reguli not
contained in L, respectively. Simplifying this inequality yields .q − 3/  q2−10qC12 , which
gives   q−72 − 10q−3 .
If q > 13, then 10q−3 is less than one. Since  is an integer, this forces   12 .q − 7/. Since
 of the hyperbolic quadrics Ji are contained in the linear set fH1; : : : ; H 1
2 .q−3/g, this implies
H0 contains a linear set of at least 12 .q − 7/ hyperbolic quadrics. 2
One may now show that all the spreads spawned by our fibration F constructed in Section
2 are new, for sufficiently large q.
THEOREM 3.5. For q > 3, the spreads spawned byF are not subregular. Moreover, for q >
11 no such spread is projectively equivalent to any spread S 0 as described in Proposition 3.4.
Finally, for q > 7, no such spread can be associated with a j-plane.
PROOF. The first statement follows from Proposition 3.1 and Proposition 3.2. The second
statement follows immediately from Proposition 3.4 and Theorem 2.9 when q > 13. The case
q D 13 must be treated separately. A careful examination of the proof of Proposition 3.4 shows
that when q D 13 there must be a linear set in H0 of size at least two. But, by Theorem 2.9,
F does not contain a linear set of two or more quadrics for q D 13. The last statement
follows from the fact that spreads associated with j-planes have an orbit of size q2 − 1 under
a collineation group leaving the induced hyperbolic fibration invariant (see [15]), a fact that is
not true for spreads spawned from F as will be seen in the next section. 2
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4. AUTOMORPHISM GROUPS
In this section, we focus on the collineation groups which leave invariant the spreads spawned
from F , first discussing the subgroup of Aut.PG.3; q// which leaves the hyperbolic fibration
F invariant. The following propositions show that this group is the same as the subgroup of
Aut.PG.3; q// leaving the pencil P invariant, where P is the pencil of type 3(d)(iii) from
which F is obtained.
PROPOSITION 4.1. Every automorphism of PG.3; q/ which leaves the pencil P invariant
also leaves the fibration F invariant.
PROOF. Let  be any automorphism of PG.3; q/ which leaves P invariant. Then  leaves
invariant the line T1; 1; ; 0; 0; 0U, the set I of points covered by the 12 .q − 1/ hyperbolic
quadrics of P , and the set E of points covered by the 12 .q C 1/ elliptic quadrics of P . Recall
that we obtain F by replacing the elliptic quadrics in P by the set Q0, which consists of
1
2 .q − 1/ hyperbolic quadrics and the line T0; 0; 0; 1; 1; U. Suppose  does not mapQ0 onto
itself. Then there must be a hyperbolic quadric D different from those of Q0 which is also
contained in E .
First note that the only lines fully contained in E are those which are contained in some
element of Q0. Indeed, if ‘ is a line which does not satisfy this property, then ‘ can meet
T0; 0; 0; 1; 1; U in at most one point and can meet each quadric in Q0 in at most two points.
Thus ‘ contains at most 1C 2. q−12 / D q points, a contradiction. Thus ruling lines of D must
be lines contained in some element ofQ0. If R is one of the ruling families of lines of D, then
R may contain T0; 0; 0; 1; 1; U, but it contains at most two lines from each of the quadrics in
Q0, which implies R contains at most q lines, the final contradiction. Thus  must map Q0
upon itself. The exact same arguments show that  maps P0, the set of nonelliptic quadrics in
P , onto itself. Since F D P0 [Q0, we find that  must leave F invariant. 2
PROPOSITION 4.2. If q > 7, then every automorphism of PG.3; q/ which leaves the
fibration F invariant must also leave the pencil P invariant.
PROOF. Let  be an automorphism of PG.3; q/ which leaves F invariant. If  maps P0
onto itself, it must mapP onto itself since two nondegerate quadrics determine a unique pencil,
and we are done. Suppose this is not the case. Then the image of P0 must be some other
partial pencilR0 consisting of one line and 12 .q − 1/ hyperbolic quadrics. In fact, this partial
pencil R0 can have at most one hyperbolic quadric in common with P0. So R0 must contain
at least 12 .q − 3/ > 2 hyperbolic quadrics of Q0.
Consider the pencil generated by two hyperbolic quadrics of R0 \ Q0, which are of the
form Q1 D T c1 ; b; c2; 1; 1; U and Q2 D T γ1 ; ; γ2; 1; 1; U for some valid choices of our
parameters. SinceR0 must contain more than two hyperbolic quadrics ofQ0, we may assume
without loss of generality that b 6D . The quadrics in this pencil have equations of the form
t Q1 C Q2, which can be normalized to
c1t C γ1
.t C 1/ ;
bt C 
t C 1 ;
c2t C γ2
t C 1 ; 1; 1; 

as t varies over GF.q/ [ f1g, with the usual conventions on1.
It is now clear that the q C 1 quadrics in the pencil described in the above paragraph
have distinct second entries in the above form. However, with one possible exception, each
hyperbolic quadric of Q0 shares that second coefficient with one other quadric in Q0. Thus
the partial pencilR0 can contain at most 14 .q− 1/ hyperbolic quadrics ofQ0 if q  1 .mod 4/
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and at most 14 .q C 1/ hyperbolics of Q0 if q  3 .mod 4/. Since q > 7, this number is less
than the required 12 .q − 3/ hyperbolics, yielding our final contradicition. Therefore, every
automorphism which leaves F invariant must also leave P invariant. 2
From the above propositions we have Aut.P/ D Aut.F/ if q > 7. This implies that a spread
spawned from F cannot be equivalent to any spread associated with a j-plane, as discussed in
the proof of Theorem 3.5. Namely, sinceF contains exactly 12 .q−1/ hyperbolic quadrics from
P , no subgroup of Aut.F/ could possibly have an orbit of size q2 − 1 on a spread spawned
from F .
We now construct some specific linear collineations in Aut.F/ D Aut.P/. Let Q Dh
1 1=2
1=2 
i
, where 2 GF.q/ is chosen as in Section 2 so that and 1−4 are both nonsquares.
Let Mn.q/ denote the set of nn matrices overGF.q/ and let0 D

A 2 M2.q/jAQ At D Q
}
,
where At denotes the transpose of A. It is easy to see that 0 is a group of order 2.q C 1/
(see [1], for instance), and every element of 0 has determinant 1. In fact, the subgroup
00 D fA 2 0j det.A/ D 1g is isomorphic to SO−.2; q/, which is a cyclic group of order
q C 1, say with generator A0. It is also easy to see that B0 D

1 0
1 −1

is an involution in 0
and 0 D hA0; B0i.
Now the set of matrices
0 D

I 0
0 A

2 M4.q/jA 2 0

induce a linear collineation group G of PG.3; q/ that clearly leaves invariant the two lines and
the q − 1 hyperbolic quadrics of F . Moreover,
00 D

I 0
0 A

2 M4.q/jA 2 00

induces a cyclic collineation group G0 of order q C 1 that leaves invariant each of the ruling
families of each hyperbolic quadric in F (see [1, Theorems 22.9 and 22.14]). Hence 00 will
induce a cyclic group of order q C 1 that leaves invariant any spread spawned from F . In
practice, most spreads spawned fromF admit only this linear collineation group of order qC1.
In order to describe further collineations which leave F invariant, we define
N1 D

0 s
s 0

and N2 D

1 −2
2 −1

;
where s 2 GF.q/ is chosen so that s2 D 1−4

. One can easily compute that N 21 D
.1 − 4/I D N 22 , and N1 QN t1 D .1 − 4/Q. Let  be the linear collineation of PG.3; q/
induced by
h
N1 0
0 N1
i
, and let  be the collineation induced by
h
N2 0
0 N1
i
. By the above comment,
it is clear that  and  are involutions.
First let Ht D V Tt; t C 1; t; 1; 1; U be a hyperbolic quadric in P0. The associated sym-
metric matrix for its underlying quadratic form is
P1 0
0 Q

; where P1 is the matrix

t 12 .t C 1/1
2 .t C 1/ t

:
Straightforward computations show that N1 P1 N t1 D .1− 4/P1 and N2 P1 N t2 D .1− 4/P1,
where
P1 D

t 0 12 .t
0 C 1/
1
2 .t
0 C 1/ t 0

with t 0 D −2
1− 4 − t:
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Similarly, if Hb D V T c1 ; b; c2; 1; 1; U is a hyperbolic quadric in Q0, where c1 and c2 are
the two (possibly equal) roots of Eqn. (3), the associated symmetric matrix is
P2 0
0 Q

with P2 D

c1= b=2
b=2 c2

:
Again straightforward computations show that
N2 P2 N t2 D .1− 4/P2 and N1 P2 N t1 D .1− 4/P2;
where
P2 D

c2= b=2
b=2 c1

:
Recalling that N1 QN t1 D .1 − 4/Q, we see that  fixes the hyperbolic quadrics in P0 as
well as the two skew lines in F , while  pairs off the quadrics in Q0, possibly fixing one of
them. In any case,  leaves invariant the hyperbolic fibration F . One similarly shows that 
leaves F invariant by fixing the hyperbolic quadrics in Q0 as well as the two carriers, while
pairing off the quadrics in P0, possibly fixing one of them. We thus have the following result.
THEOREM 4.3. The hyperbolic fibration F of Theorem 2.7 admits a linear automorphism
group of order 8.q C 1/. If S is any one of the 2q−1 spreads spawned by F , then S admits
a cyclic linear collineation group of order q C 1. Moreover, the translation plane 5 of order
q2 associated with S admits an abelian group of order q2 − 1 in its translation complement,
which, in turn, contains a cyclic homology group of order q C 1 with an affine axis.
PROOF. Using the notation established above, 0 includes a linear collineation group G of
order 2.q C 1/ leaving F invariant. In fact G leaves invariant each member of the fibration F .
The involutions  and  also leave F invariant. Straightforward computations show that  
and  both normalize G and    , the commutator of these two involutions, is contained in
G. From this it follows that hG;  ; i is a linear collineation group of order 8.q C 1/ leaving
F invariant.
As mentioned previously, the cyclic subgroup G0 of G with order q C 1 leaves invariant
every spread S spawned from F . This cyclic group is generated by the collineation induced
by
A0 D

I 0
0 A0

as defined above. If ! denotes a primitive element of GF.q/ and I denotes the 4 4 identity
matrix, the translation complement of5 D 5S clearly contains the abelian group
〈
A0; !I

of
order q2 − 1, whose cyclic subgroup 〈A0 is a homology group of order q C 1 with affine axis
the vector space span h.1; 0; 0; 0/; .0; 1; 0; 0/i and center the imaginary point (spread line)
V T1; 1; ; 0; 0; 0U. 2
In practice, at least for q  9, the full linear collineation group of any spread S spawned
from F has order q C 1, 2.q C 1/, or 4.q C 1/, and the vast majority of the spreads admit
only the cyclic group of order q C 1 mentioned in the above theorem. Conversely, it should
be noted that results of Jha and Johnson [14] imply that any two-dimensional translation plane
of order q2 which admits an affine cyclic homology group of order q C 1 in its translation
complement has an associated spread of PG.3; q/ which necessarily admits a regular elliptic
cover (and hence is spawned from some hyperbolic fibration).
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5. CONCLUDING REMARKS
We now have many examples of spreads of PG.3; q/ admitting regular elliptic covers, al-
though any sort of geometric classification of such spreads still seems far removed. However,
we do believe these spreads are characterized by the fact (see above paragraph) that the asso-
ciated two-dimensional translation planes have translation complements which contain affine
cyclic homology groups of order q C 1. That is, we conjecture that any spread of PG.3; q/
admitting a regular elliptic cover (and hence inducing a hyperbolic fibration) corresponds to a
translation plane with such an homology action.
When q D 7, it has been verified by computer that one can obtain .q C 1/-nest spreads
from the hyperbolic fibrationF constructed in Section 2. Such spreads will contain more than
q − 1 reguli (see [11]). However, for q  9 we believe any spread spawned from F will not
contain any reguli other than the q − 1 reguli inherited from F . In a future paper we hope to
attack this problem of additional reguli by considering the Plu¨cker correspondence between
lines of PG.3; q/ and points of the Klein quadric. We also hope to sort out the isomorphism
classes of the translation planes associated with the spreads spawned from F . We plan to do
this by putting the entire construction process in a more general framework. In particular, we
plan to study general hyperbolic fibrations that either contain a ‘large’ partial pencil or have
their two lines forming a conjugate pair with respect to each of the quadrics in the fibration.
Another interesting question is whether the two lines in an arbitrary hyperbolic fibration must
form such a conjugate pair.
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